. In thermodynamics, the derivatives M and N represent properties of the substance which can be measured or derived.
• If we are evaluating a process where x=constant, then dy N dz =
• For example, if we choose to express pressure as ) , ( v T P P = then we have • These relations will prove to be useful later when we need to condense expressions involving derivatives to known properties.
We can represent the relationship between properties ) , ( y x f z = graphically as well as mathematically. If we choose ) , ( v T P P = , for example, then we have a diagram as shown. In this figure, the ) , ( v T P P = surface has been "cut" by several constant P, T, and v planes. The property derivatives are represented by the slopes of the surface in various directions. For example, the curve abc represents an isotherm, and at the point 'b', we define • The two relations above were based on ) , ( y x f z = , which represents a dependence of one variable on two others. We can also derive some useful relations among groups of four variables, with two still being independent (e.g. P, v, T, and s). Let w, x, y, and z be our variables, and start with the relations ) , ( y w f x = , and ) , ( z w f y = .
Writing the differentials, we have 
Let's write it in terms of P, ρ, and u instead. Using equation 2.3.3 above and letting x=P, w=ρ , z=s, and y=u, we have
Special Case: Ideal Gas • For an ideal gas,
If the specific heats are constant, then we also have du = C v dT . With these relations, we have
Maxwell's Relations
• Pressure, volume, temperature, and entropy could be considered the four most basic thermodynamic state parameters, in the sense that work interactions are related to pressure and volume ( )
, and heat interactions are related to temperature and entropy ( )
. Also, all four can be fixed experimentally. Using a set of isobars, isochors, isotherms and adiabats on a Pv diagram, James Clerk Maxwell (1831-1879) derived a set of equations relating derivatives of these four properties. Among other things, these useful relations can be used to relate changes in entropy to measurable properties.
• Maxwell's relations can be derived using calculus and the four energy functions internal energy ) (u , enthalpy 
Keypoints:
• P, T, and v can be measured, and s can be derived from the Maxwell Relations.
• The LHS of #3 and #4 come directly from measurements, and could also be calculated given an equation of state.
EXAMPLE: Evaluation of Entropy • Let's take a closer look at how the Maxwell Relations help in the evaluation of entropy. In other words, let's express changes in entropy in terms of the measurable properties P, v, and T. (We will also need C P and C V .) We have three possible pairs of independent variables to choose from: (P,v), (P,T), and (v,T). Each pair has two partial derivatives of s associated with it, for a total of six:
If we can express each of these derivatives in terms of P, v, T, and other measurable properties, we will have complete information on the entropy of a pure substance.
•
The 3rd and 5th come directly from MR #4 and MR #3:
The 6th and 4th can be evaluated using 2.2.3 and 2.2.4:
Similarly, using enthalpy,
The two remaining derivatives can be evaluated using the previous two relations:
• All partial derivatives of entropy have been expressed in terms of P, T, v, and C P , C V .
EXAMPLE: Derivation of Joule's Law • Previously, we discussed Joule's free-expansion experiment, concluding for an ideal gas: 
We can express the partials on the RHS as
• Substituting these equations into the RHS,
Measurable Derivatives
• By conducting experiments in which some property is fixed (e.g. use a constant volume vessel, or an insulated container), and measuring the change in some other property (P, T, or v) as heat is added or work is done, one obtains values for certain derivatives. These properties, like Maxwell's relations, can be used to relate unknown properties to known properties.
• In the following, recall that we are taking all processes to be reversible. Also note that there is a summary of derivatives on page 24. Constant Volume Heating (no work)
• Measure δQ and dT, and define
Since there is no work, dU = δQ. The definition of entropy gives δQ rev =T dS , and we have
Special cases: Often, C V = C V (T) (e.g. ideal gas, incompressible substance), or C V =constant. (perfect gas) EXAMPLE: C V for an Ideal Gas • In general, for any pure substance, we can write u as a function of two independent properties, such as
In general, we must realize that
However, in the case of an ideal gas, we know from Joule's free expansion experiment that
Since u is a function only of temperature for an ideal gas, it follows that C V also must be a function of temperature for an ideal gas:
for an ideal gas
Constant Pressure Heating
Similar to C V analysis, measure δQ and dT. Since a change in enthalpy at constant pressure is equal to the heat addition, we have, in an analogous manner to the C V analysis,
• In addition, since the fluid in now also expanding, this configuration yields the "volumetric expansivity", or "coefficient of thermal expansion", which is important in bouyancy-induced convection:
Special cases:
Incompressible substance Adiabatic Volume Change (no heat transfer)
• The "isentropic expansion coefficient" k relates pressure and volume during an adiabatic (and reversible) expansion, and is defined as
This gives the fractional change in pressure for a fractional change in volume during an isentropic process, and is unitless.
• Note that we can use k to express the P-v path along an isentrope as follows:
• ds =0, and Maxwell's relations can be used to convert the derivatives
• In general, k=k(T,P), but if we consider a region where k can be considered locally constant, then we have
Pv =constant • In Thermo I, we discussed a relation similar to this for isentropic processes of an ideal gas, where we used
. Now we see that the relationship is true in general for isentropic processes if k is the isentropic expansion coefficient. Furthermore, we can write (see homework problem):
which is simply C P /C V for an ideal gas, showing that the more general case reduces to what we already know for an ideal gas.
• The following sketch shows values of k for steam in the liquid, vapor, and supercritical regions. Notice that in the ideal gas region (low pressures), k becomes a function only of temperature.
Special cases: 
We can write this strictly in terms of properties as 
For an ideal gas,
Therefore, for an ideal gas,
Isothermal Volume Change
• By measuring ∆P associated with ∆v, we can define the isothermal compressibility:
. Both measure slopes of the v=v(P,T) surface, K measuring along an isotherm, and β along an isobar:
Special cases: K=1/P Ideal gas K=0 Incompressible substance
• Now let's return to Maxwell's Relations and express the derivatives as properties:
MR # 3:
• Entropy relations are now written in terms of easy to measure properties of the fluid.
EXAMPLE: Compression of Solid
• A 1kg block of copper is compressed in a reversible manner from 0.1 to 100 MPa while the temperature is held constant at 15°C. Determine the work done, entropy change, and heat transfer.
• Solution: • Over the range of pressure considered here, volume expansivity 
and introduce the definition of volume expansivity to get
Since our process is at constant temperature,
Assuming v and β are nearly constant,
Since the process is reversible and isothermal,
• As we did for isentropic processes, we can also express the P-v path of an isothermal process using thermodynamic properties. To do this, let T=T(P,v) :
where we have defined
• In general, k T =k T (P,T) , but for a small departure from a given state, k T ≈constant , and the equation above can be integrated to give
• It can also be shown that
Constant Enthalpy Expansion
• One additional experimental configuration, important in refrigeration, is flow through a porous plug. This can be used to measure the Joule-Thompson Coefficient:
• If µ J >0, then the fluid cools as it passes through the plug (i.e. ∆P<0 and ∆T<0), and it may be used as a refrigerant. If µ J <0, then the fluid heats up as it passes through the plug and is unsuitable for refrigeration. In general, µ J varies with pressure and temperature, and the dividing line between the region where µ J >0 and µ J <0 is called the "inversion line".
• Consider the figure below. The expansion process proceeds from the right to the left.
To the right of the inversion line (e.g. a → b) the temperature increases during the expansion, and the fluid is not a candidate for a refrigerant in this region. To the left of the inversion line (e.g. b → c), the temperature decreases during the expansion, and the fluid can be used for refrigeration. Above the inversion line (e.g. d → e) expansion produces an increase in temperature regardless of how low the pressure drops. • Notice that the inversion line passes through the points of maximum temperature on every h-line. Also, at low pressures (e.g. atmospheric) the inversion line approaches a maximum temperature, above which the fluid is entirely unusable. Some typical values of T max are:
• Plots of the inversion curve for two common cryogenic refrigerants are shown below: We can substitute this into (a) to yield
or, since the second coefficient must equal zero,
From MR #4, we can write
• Note that the expression above can be used to measure C P (indirectly) at high P. 
Summary of Measurable Thermodynamic Derivatives
• It is possible to express any arbitrary derivative as a function of (P,v,T) and these measurable parameters:
Bridgman Jacobian
• In 1914, P. W. Bridgman expressed all partial derivatives of the most frequently used properties (P, T, v, s, u, h, f, and g) in terms of the measurable P-v-T relationship and the three easy to measure derivatives (C P , β , and K). Using the shorthand notation
he summarized 336 possibilites in a 28 line table:
[P] (∂T) P = -(∂P) T = 1 (∂v) P = -(∂P) v = βv (∂s) P = -(∂P) s = C P /T (∂u) P = -(∂P) u = C P -βPv
[s] (∂u) s = -(∂s) u = β 2 v 2 P -κvC P P/T (∂h) s = -(∂s) h = -vC P /T (∂f) s = -(∂s) f = βvs + β 2 v 2 P -κvC P P/T (∂g) s = -(∂s) g = βvs -vC P /T EXAMPLE: Sound Velocity By definition, 
Kinetic Theory of Gases--State Equations and Specific Heats
• The ideal gas equation of state can be derived from the kinetic theory of gases
• It should be noted that such a derivation has no bearing on classical thermodynamics.
• Recall, classical thermodynamics 1) does not depend on microscopic structure of matter 2) does not predict anything about microscopic features
• Why study kinetic theory in a course that focuses more on classical thermodynamics? 1) gives good physical understanding to concepts presented in classical thermodynamics (i.e. ideal gas assumption, definition of C P ).
2) helps one understand why real gases behave differently from ideal gases.
• Analysis: Let's consider a monatomic gas and make the following assumptions:
1) The gas consists of an enormous number of molecules. All of the molecules are identical (assuming a pure gas).
2) The molecules are very small relative to the average distance between them. The volume occupied by the molecules themselves is a tiny fraction of the volume of the container.
3) The molecules fly about randomly in all directions-there is no preferred direction.
4) The molecules do not interact except when they collide.
5) Collisions of the molecules with each other and with the walls of the container are perfectly elastic.
6) The laws of macroscopic mechanics (Newton's laws) apply to individual molecules.
• According to kinetic theory, the pressure exerted by an ideal gas on the walls of a container results from the action of a great number of molecules striking and rebounding.
• Let's first look at one molecule in a box, with mass m and velocity components V x , V y , and V z .
• Consider a molecule striking the wall at x=L. When it rebounds, there is no change in V y and V z , but V x changes to -V x .
• The corresponding x-component of momentum changes from mV x to -mV x . Thus, the magnitude of momentum change is 2mV x .
• Also, the molecule travels the distance L in time L/V x . Thus it could cross the chamber and return in time ∆t=2L/V x . The number of collisions per unit time (collision frequency) is V is the average of the squared velocity magnitudes for all molecules.
• Combining (d) and (e), 
• If we assume the temperature of an ideal gas is proportional to the kinetic energy of the molecules,
• Combining (f) and (g) gives
where n/N is Avogadro's number (#molecules/mole).
• The term (2n/3DN) is a constant, call it R , the universal gas constant.
• Following (f), we assumed that T was proportional to kinetic energy of molecules.
• Conversely, we could have just compared (f) with the experimentally derived ideal gas law…. • Average kinetic energy at a given T is the same for any gas.
• Thus, heavier gas molecules have lower mean speeds than lighter molecules at the same T.
• Now let's look at C p and C v under the kinetic theory.
Proportionality constant
• Internal energy of an ideal gas is sum of molecular kinetic and potential energies
• Since ideal gas is very dilute, molecules are far apart, and gravitational forces between them are small.
• If we change the volume (i.e. density), the distance between the molecules changes, and the potential energy changes. However, since this change is extremely small for an ideal gas, this change does not have an effect on internal energy.
• Thus, for ideal gas, internal energy is only dependent on kinetic energy of molecules. • Now, what about a diatomic gas?
• Monatomic gas has 3 degrees of freedom (i.e. one must specify 3 independent quantities to determine the energy, in this case V x , V y , and V z )
• Equipartition of Energy Principle: "Total energy of molecules is divided equally among all degrees of freedom."
• Thus, monatomic gas has 3 degrees of freedom, each with T R • Also, 
Specific Heat Relations
• Let's look more closely at specific heats, considering first some mathematical relations, and also some data for specific substances.
• Although for an ideal gas specific heats are a function only of temperature, in general C P =C P (T,P), and C V =C V (T,P). Let's consider three important concepts:
1. Variation of C P with P at constant T 2. Variation of C V with v at constant T 3. Relation between C P and C V .
Variation of C P with P at constant T
• Look at the differential form of the entropy equation from before. 
Variation of C V with v at constant T
• Another form of the entropy equation is
Following the previous approach yields
• Both variations can be calculated given the PvT surface.
• Both = 0 for an ideal gas (Pv=RT).
Relation between C P and C V
• We have used two forms for the ds equation, one involving C P and the other C V . Let's equate them:
Compare this to the differential we obtain from writing T=T(v,P) directly,
Equating either of the pairs of coefficients yields
1. 
This is known as the Dulong and Petit value, after the scientists who first noticed this trend.
*
Curves for different materials show a similar shape, suggesting that all curves might be made to fit the same functional form (the law of corresponding states).
• Peter Debye, using quantum statistical mechanics, developed the formula where Θ D is a characteristic temperature of the substance in question, known as the "Debye Temperature", and f is a universal function of the dimensionless temperature ratio T/Θ D .
• Debye temperatures for some common substances are: This is known as the "Debye T 3 Law" and is accurate to <1% for (T/Θ D )<0.1 for isotropic nonmetals.
Keypoints: Debye formula
• Θ D is the "Debye temperature".
• f(T/Θ D ) is the same function for all substances.
• At high temperatures, f→1, and
• At low temperatures, Cv∝T 3
• The Debye formula is a good approximation, but is not always correct. For example:
• Regarding the divergence of C P and C V , recall that the difference can be calculated as
Calculated Property Relations
• Now that we have developed some mathematical tools and defined some measurable properties, let's go about calculating some non-measurable properties (u, h, and s).
Enthalpy Relations
• Start by writing differential form of h=h(T,P).
By definition, the first derivative is C P . Use the Bridgman table to express the second: • Enthalpy can be evaluated at any state given C P (T) data at any reasonable reference pressure, and an equation of state.
• Many numerical codes and standard handbooks give C P (T) as a polynomial fit at a reference pressure of 1 atm. , it alone is sufficient to completely define other properties.
Energy Relations
• We can use the same procedure as for enthalpy to express internal energy in terms of measurable properties.
The first derivative is C V by definition, the second can be transformed by the BridgmanTable,
Special cases: • For some equations of state,
is often difficult to evaluate. In these cases, it may be easier to express s=s(T,v), i.e. 
#5)
) (T C P at low pressure (1 bar or less).
• From these data, a complete set of thermodynamic tables for saturated liquid, saturated vapor, and superheated vapor can be generated.
Step 1:
• Determine P=P(v,T) equation of state for vapor region from #2. (Can piece together several equations of state if needed.)
Step 2:
• Fit saturation data to P sat =P sat (T sat ). One common fit is Step 3:
• Complete Psat using above equation (i.e. fill in between data points).
Step 4:
• Use step 1 to fill in between PTv data points in the vapor region.
• Use steps 1 and 2 to find v sat along vapor side of vapor dome.
Step 5:
• Pick a reference state ("1" in the figure above) and define h f =0, s f =0 at that state. • v g comes from step 4
• v f is known (#3)
• T is independent Step 6:
• Calculate s2 as follows:
• Since Step 7:
• Proceed along isotherm to P=P3 (superheated vapor)
• v3 is known from E.O.S.
• Calculate h3 and s3:
[ ]dP (along isotherm)
• Repeat for state 4, where P4 is low enough to assume ideal gas.
Step 8:
• Proceed up P=P4 (ideal gas) to elevated temperature T5.
• Calculate h5 and s5: Step 9:
• Etc. 
